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The lectures are organized in the following way.
In sec+ion 2 CED in the Coulomb gauge is reviewed and the
phicton propagator is calculated. In section 3 this theory
is cast into covariant form and it is recognized that this

can only be done if two unphysical photons are introduced,
one of which is produced with negative probability. It is
slso seen that in order that negative cross rections do not
arise a certain linear superposition of unphysical photons
{the gaugeon) must .decouple from the S-matrix. .In section 4 i
we genéralize QED to guantum chromedynamics and demand that

" the gaugeons decoupie. This leads in guark-gluon scattering

tc the result that the couplings belong to a Lie algebra.

w

Tn -sectian 5 the general structure of compact Lie algebras

15 analyzed aznd the section finishes with a .discussion of
tre Carven classification. In section 6 we study guark-anti-

guark annihilation into twod giuons andé discover that aithough
the gaugeons do Geassuple there is w&www.mv.mxﬂﬂm Mwmnm in

the covariant prebability.  In.order to remove this piece it
is necessary ﬁo.pvnnomunm.mnwwu more unphysical scalar vmnu
ticles with negaz ive pair produétion cross section.  These
are the Fermicn ghests. . In section 7 we look at gluon-gluon
scattering and recognize therneed for a fourrgluon vertex,
and in secticn 8 we show how the gaugeons decoupie in a simple
loop omwncwwﬁwou., In-section .8 we show that: the theory .so
constructed is rencrmalizable by power counting. It is.then
shown - in-secticn 18 ~-that a vwoﬂon‘smmm can be ‘introduced
‘withodimpunity in {ED, bot ovin bnn,ru»ucm go badly wrong as
shown vin sestion 21, swvcv -2=80-has :a ;short-discussion. of
spontanecus treariown of syrmetry. In section 12 we return
te the:discussion of ﬂmnouam»»umnuun¢nnm w3 section 13 we
.discuss the Callan-Symanzik: eguations. awwwvmmﬂ.ﬁto;mmnﬂ»obm
are mainly u.ﬁmsnmm for thecrists. ..

&t no Mtbnm in these lecturszs do 1. nonm:nrnﬂ specific
models, There is ample literature on this subject -and the
lectures by M. Gaillard at this 'school will cover this point,

Also I de rot go into a deeper discussion of spcntaneously

broken syxmetries, which will be covered oy Zinn-Justin.

r writing these lectures I have profited much from
discussions with Predrag Gvitanovié to whom 1 &irect my thanis.
I have lifted unashamedly any material I needed {rom the vas:
literature on the subject. There are only a few references
at the end of these notés and I apologize for the many £ins
of omission that I have wittingly - and gnwittingly - commitzed.

w
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which says that if Xe > Ye then the photon is emitted

=4 % .3 — , : from and absorbed at ¢ passing througn every inter-
ﬂnﬂn/n..,.v./... 1B e (BT u,n. : , S S | |
T T £2.8}) . mediate ‘State w2 + When . Xa. <%, the roles of
. emitter and absorber are reversed. -The sum over A can
. e e ‘ ‘be -carried out using {9) and the .sum over ™ is replaced
where “T° stands for transverse. “The last -eguation follows by the integral ' .m_aur : . . . Then we get
e — — . : . - 3 '
from the completeness of the basis formed by €%, €% and “ ,nﬂ.ﬁ s
— . : * T . . -
- Thi i : 1 : . : . A M ﬁ . . - - .
R/t is may :also be wnmn.w,mmmm in the forn Y= Ocnv.au d ~. m. wingiye Lk F-3)

Mdv N.Nr.... 4

mm+M m m ,rr.md‘._s.s L . L S
, o R L 201 LY l...ﬂn..rﬂl--
lr mru ~¥a) V- ~— - £ S PO T 5)
Yams 2e U1 € | (2.12)

-

where we .vwcm :mwm nmsmoﬂ. ﬁonwnwou. R ,Hrm.&mamon e rv is N :
called the transverse vnoumnn.won tensor. : T B

From classical radiation n&monm we know that’a changing
electromaghetic current emits and absorbs Hw.wwmﬂ_.o.r In the

,amu.am the m.oﬁ.umu Hmmﬂmmmunmﬂwou of the & -function
=orrespondence limit.a current must ‘then. also emit photons

. A — D= w FF L m-m..z.ﬂ
znd by more detailed arguments one can .show that J(X«) R R P A
is really.a kind of current,  lmagine now that the photon ,‘zm may write »&wm dn ﬂwm noﬁu >
exitied by one gurrent is. wumonumm by gonﬁmﬂ ,,,.u.rm ‘amplitude : )
for this process must be of ‘the mons _ . . ﬂl\.()\.fh? M&;.F .r..ﬁ\....w. , Nw.rf. -ny |
. . CA T nN.G.. = (2.13)
o -l
! = .U U. C_.l - : , . ,
MP uwﬂ'w.n D u,_ ¢ LJ fu:N wov -0 - wwhere we have rmmm _Hwoﬁwmwgumwoku notation .ﬁwﬁbrmvocn.t

,..éwm integral over ru “may Un viewed as ‘the sum over all
,,..Eam ‘transients created; vw n_..m bvﬂumur switch of roles for
‘ .Nm.ﬁu.wﬂnwﬂ ﬁsn ﬂumongn nn e rv... »  This eguation mv.o:m

o .E..m.w A Jo»b& ﬁnn bﬂovumwnm Oewn. mwnuﬂm npmnwannm t»nwocn :

, r. = o .Eﬂm may. ﬁwmo e

where. we use mouutnpawnwpounw ﬁo.wwnnon WOH ﬂvm wﬂﬂmaﬂw -over

space-time. The annmp .{.H”. ..o. .G..Ju Hmwuﬂmmgnm .S..m dnommﬂmﬂwon,
of .ﬂsm,.muoﬁon.,vmasmmv A .and L N EE 45 called ‘the pro-

Pagater for transverse V,?Jchoum. ;
. expression .. s




or

-sastTIe (f1) Z0o1ebedoad
s3us MOy ATIOSTD mMOUS O3 patuem ATsIBW I ° *3z8l4ns su3 ro 5ur

-~TURISIGDUN UP SUTUTEIQO I0T a3Ernlape uaaT 10U ATUTIIIBD SEY
T

TyL . SITURUADAIZIII[D imauend Inoqe. SUTYIaues

MOUN BOA 3IBYT Swnssg [TEYS I A9y 3IICUHT BM YSTIUM SuSTY

—0xd 2ousbHrazATp SFInNCA IO SIW BIBYY “PIJLINITRD BF MOU URD
STUsUBTe XTIleW-S AIRIFTAIER SHINT venuAsd eyl Jo-suwsw fg

*3A0QY DPIONPOIIUT
w

SM UDTUA { .W3uRxInd, 8Y3 ST STUL +aSIeYD UOIYSITI BUI

ST = JupISUos BUL -SIUSUOGEOD uoTiezTieTced pue utds’

SMOTITA SUR 9 UOTIDEBISIUT PaTTERISD AYI IGF SIUNGIIE YITUM

g £
(-2} , QUﬂfx ~

25T = >

A
X219 DTSRG @yl ST Iayy ATT=UT3
.muouuﬁm.onm sw [I2M Se suorioare ssiyvdbudord 3T PUE
- . . N
* ~ 3 - ﬂ oy
oz "2 Jenmeg e g x
Gy dn=2 N I TEE( =
M - ﬂ\ l‘u

ST
zonefedoxd aur ‘@sayl 1o saurolpe syl asae sa1oT3Ied 3UTOHINQO

L e=A € e+ ) ~outrds KAbzsua aallebauw 2 ST - A -9I3YM

(61°2) ==y

[ “IOM .n. . . T x
u w5 8..].. >..ww.||l¢|||l

iq paqraiossp axe suoclaiTsod HurtwoduT STTUM
Lo =Nl - souids Kbisus sarTitsod e st IIVUM
. - g

(81°¢ ,....Q!JJL.I, n® : n“ *
PLIERY L eta = i

. Y
uoTienba ORITQ Y3 O3 SUOTINTOS Ag PIRTINSSD IIP SuOI

-2912 saes sueptd SUTWODUT susteyd pue susiztsed ‘SUcIIonma
cumsuwn:oﬁunumaﬂm;u.\nﬂm.nuocmﬂnmo, mnuammﬁﬁumﬁs

. - £ : . IS
s1038q S€ ST . ~S, 0 puw T
(Lx°2}
DA (e ) ~ hadl
> —_— » \ﬁﬂnﬂtﬁaxauﬂﬂ,)\)\i\n{\(
n.ﬂatﬂb..-).ulu \'J\i./.l\../. Jf&w ) S %
aary am AT2ATIDSTIOD
T ul . -
b T L L 4 =" k. * LY
T N o e N = tumms TG
nn-é..}..,.uv RIS Y T o Resnyy = Q
{71}
woxg sestre TSy DU ‘(€1) Aq ueath ST 41.& sz9UM
(s1°2)

-~
\

- —.
Ky e v Ry e O mz... W\ = @‘(((L A
v - VT VY o

WIOF [SUCTSUSYTP-INOZ UT $Ipn3Tidue OM% 2U3 jo ™

<
Syl 93TIM 03 JUSTURAUCD ST 3T A3ITSUIp IUBIIMS- U3 39
. qusuoduos Y3, 0132 2yl ST AITSTop 25I°Yd 3Y3 IDUTS pue (0Y)
o3 poppe 3q PINOUYS SpriTidur STYl IDUTS ° D pUE  w

30 ,Sat3Tsusp abaeyo, 8yl 3I® ~Vn...._nwnm. pue Avbinm. axaym

(vT°7) 1S xyup

r~ o
2 x Codin, e e 3
5.,.&& Y tray, S LJmi/uf.ia@)\({@
Oy




3. Covariant cuantum electrodvnamics

The theory of relativity was discovered from the proper-
ties of light and it is therefore disconcerting that gquantum
eiectrodynanics, as formulated in the previous section.
takes an - at least superficially - non-covariant form.
Photon transversality is not a Lorentz invariant concept,
but that mmm&m also to be our only trouble, The rest of the
theory, the electron propagator and ‘the vertex, is nicely
coveriant.

From the basic vertex (2.21) it seems.as. if we can cal-
culate the emission amplitude for -photons that are not trans-
verse. That has a priori no meaning. Physical photons are
ways transverse. Ask any experimentalist. Let us anyway

u
b

rt

ry to allow arbitrary four vectors:ias polarization vectors
repiacing eq, (2.1) by

s .
AN~ E = E N...rf.x

x " Y Cw=wid - q3.1)

This is a fundamental and discontinuous change of the theory.

Instead of admitting twe basic peolarization states we now
have four. Let us introduce a basis which keeps contact
with the previcus section. - Besides'the 'two transverse ‘phys~
jcal photons T :

we define a lcngitudinal-photon LAY .-
E.=Co, R4 a3y

and a scalar phqton (s8>
] v

€% = (4,8

(3.4)

“.f

17

The last two are unphysical. Nobody has ever seen them.
We shall se why in a moment.

The new basis satisfies the orthenormality relation

MWM mmy - A

M (3.5)

and every four-vector can be expanded along this basis

- o
MW((.- nﬂm5).1 n.— M\»»? n.....m\.” + M\M

(3.6)
o o ! .
Using (5) we get C,= @.\/V. €. g and hence from
(6) we have .
ANoX _ go E°_glglogrgr. g2 g3
@VV.— M,\-.r ma\ =y - v\ T~ (9 - T - o
= Q. (3.7

There is no way of getting aromnd ‘the change of signs. It
is tied to the geometry of Minkowsky space.

The amplitude for emission of a photon in an arbitrary
collision takes now the form

< - % _akox o .
.x.m))n@ﬂw?_«.m} e ol = £ My (3.8

"It is easy to see-that the amplitude does not vanish in
..,mmsmnww when ,M.\;. -is-unphysicall! It seems as if the un-
physical photons canh be . produced -in collisions retween phys-
“ical ‘particles, The loncitudinal photon is produced with

.,,.,.vuokuu._,;nvf Bo= A €2 3=\* while the scalar is producel

with probability 'Qge 4 g® 3*\*> . What is worse, the
total gprobability for ‘production of a photon with arhitrary
polarizations Pz @crP .+ Pg is not covariant! So
it seems as if we have completely failed in our purpose of
constructing a no¢nnnwsn theory. .

12
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Then eg. (4) takes the graphical form Ir general we find from repeated applicatien of {17)
' : : and (20}
. \ ' .
) w - . _ : : 3.7 m

This is what is called the basic ‘Ward identity in QED. = , MM . M -
"If the electrons are on-shell in (17), {.e. 1f we mule-

tiply with wwvnawuwmnm.mkuoum»ﬂwmu +the ‘right hand sidée v

vanishes because of the Dirac ‘equation (g-=su =g miu~o =

Thus the gaugeon decouples from the o&nm&mwv vertex. This

is guite-general. Consider for example Lompton scattering

whichk in the lowest order of approximation is described by
+he &iagrams . _ ,

WMM .1:2 m (3.21

‘Since photons always are svmmetrized with respect to each
~
other this shows that the gaugeons always decouples from a

line running through a graph. If we bené the electron line

+ - | : {3.18) into 2 closed loop.the right hand sice 2isc vanishes and

this shows that the gauceon mmnouvwmm completely. The inter-

zpplying {17) to the final photon we get

n

acticn between photons and electrons can never preduce .a

gaugeon., This is what .has become of gauge invariance in QEC.
, "This proof .alsc shows that -an arbitrary number of
- gaugeons Gecouple. ‘The photons themselves piayed no real
,..\4H0wm«wv the proof: 'Hence we have demonstrated in full gene-
rality ,nmmﬁ the unphysical states caicel in the final state
" of, uww mﬂonmmmmm with, wwmmwnmu. ;Anitial ‘state.

m.m.n a5 Hmnnﬂa to. nnc uwmw bﬂm write it .in the monJ ,

S 3.y

,‘..,.‘..tgum nr@ g.ov umvnmmmnﬂm “the rest of the process. The onl:
i ._,,.,.nonmu.nubv is that nnm o.rm‘.nno:m ‘are ‘on-shell. -Let us try
Lo, hﬁmamm E,.m uowono: Homummmﬁon. n<m§mnm by the inft »u“_...mnu

because - —e® o :r , qﬁpm Hmwm.n.».ub ?awunﬁ ﬁm a Ward
jdentity) s also vaiid omntmuawp.. .mo nsm muﬂmnos nwno¢vwom..
,.5 the muﬂuw nﬂmﬂn Om noﬁmnus unuﬂﬂnnnan. , ,
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4. OQuantum Chromodvnamics (QCD)

‘A whole rew world-is opened up when we generalize the
above ideas to include more than one electron and more than
one pheton. Instead of calling them electrons and photons
we now call them guarks and gluons. Instead of electric

charge the gquarks and mHWWbm carry colour. Like charge, col-
our cannoct be destroyed.

The quarks are indexed by Y=4,2,---,'R . .and the gluons

by ‘@=4,2,--=,A .. These indices enumerate the
varisus ‘colours ané .colour combinations. The basic free
propagztars are supposed to leave the colours unchanged

.

T A po S, . (4.1)
L)

. > M.&,:. (4.2)

& w

L

+ (a-u Cn..:.lw nmo.r

we have chosen to work Mn the covariant gauge (3.26). The
analysis in the mﬂmrmmwbm section shows that the non-physical
¢luons should then cancel agzinst each other.

Hﬁmvwmpomnonmmmwmn&mhvuonmn»oumhmmawmmuonomw
gluon by a guark : ’

PN

ﬂp\V..\I\ﬂ\u o ,a.n..wv

We have alloweif for a very general toupling scheme.  The
nurkers Vras re arbitrary complex numbers. They de-
fine a set cf anmﬂhnnm

.

Grem

L

‘ 4.4)
o n

B
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acting in quark colour space. These matrices must be linear-
ly independent, for if they were not, there would he & linear
combination of Gluons that did not couple to the guarks and
consequently could be left our of the theory. The factori-
zation of the colour c¢ouplings and the spin couplings in

(1), (2) and (3) ‘just -expresses that the colour of a quaxk

or gluon does not depené on its state of polarization.
The basic Ward identity ocbeyed by the vertex {3) is as
before {eq. {3.17))

1) N
v N H
1 ' .
* H
' *
p M LR S S
. = Tt < — e R} (4

.5)
-
where now, instead of (3.15)-and '(3.16),
o Y B -
..ll*ltl. - s {(#.0)
- ~ .f.,%qa. $~miua, .
. - .

% e o ‘ 4.7
r PO Traa mnro

As before the gaugecns mmnosmwmnvs the vertex)from on-shell
guarks.

Let .us now see what happens Mu,nwm.mmuu<mwmuﬁ of Comptcn

. scattering {(3.18), namely guark-gluon scattering. - Alter a
.calculation entirely-analogous to the previous one we cet
‘that the -amplitude-for enission of a gaugeon is

The m»nm& &bm ‘the . Mmmn dmspmr Onlmwmww.” awmatoaummumoumm
" becone : :

20
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¥hat is then the relationship which should be cbeyed by the
“Tras ané the ... in order to eliminate the gaugeon

amplitude?
First we find
Bk

Mryyl = ﬁn-,.n..r.o.w ﬁnvlfku ,ﬂ”‘f

2. L . . R\..r,..f.».x..u 3

i n;,ywp ﬂnw u}pynu.;.rﬁ,

\tufu. rJ
Co A4 018)

where we have made use of momentum conservation ,f:a -~ -k
So if we define ‘

G,

¥

e AL ot -
T T

and )

s {4.18)

then eq. '{14) takes the form

The wertex in (16). Mm,...wo..
zand "3, Tt viclates ,,n.:m
‘therefore necessary with a- .mwmu;

CEgL L) u.m nrn wwm..n ﬁJ
vanishes for & auﬁmmon or an- o hell
.is a .good ‘chance. ﬂﬁmn mucmnosm 93_..- umnoEUpo.,
~sion :uv is not . L..w B.Ennum F 23 ,,nvm mnovuu_wnbﬁ A23

.,,. _ ,_,,./,,,wﬁmvmmm ol Gv

4 -6
e ! Y “ P | ) ~
- . (== i
\.\Pf\t\ﬂ..(.-\f-\ .t\.mk(r]_. IP /u/ﬁ\p/ﬁtu nyarr
i (4.18)
.except -in the limit of  Gu-> ©° .

1 the following we shall need a graprhical notation for
the relztion betweern .the &ouble-barred propagatcr e

XY
‘

and the single barred propagator et—e = =~ Q.. dan
in keeping with the previous notation (3.13) we have

: o ﬂt.._l.rhw:lfr!ft.u & = A e WIS = A

. -y \
e _ (4.19)
L L S
where the dots represent.a ~sealar propagator”’

ymnmc +these. muummumnm._..uonm we can now ¢valuate the gauge-
on.: mnwupu.:.nm {4.13). . Dropping -all ‘terms that vanish on the

ﬁu%mpnmw,...mmm ‘shelliwe get:

(4.21)

n ‘mw.m‘_..nw,...»ﬂm graph we &m....m used (19) ané

S 4 5) and the: gmw..bvﬂ conditions. < o we conclude that the
LT S gaugeon E-mpu.ncmm ewanmgm ..5 n&%mwnﬁp mwposnm?nr ecollisions
S ,, ..,,...muno<vnmm ‘that S
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5. The struckture of Lie Alcebras

¥We have seen that & necessary condition for the decou~
pling of the gaugecns is that the cuark~gluon-guark -coupling

¢constants Vraa form .a Lie ‘algebra

ﬂ!ﬂlﬁ ,-.lf..w. IV " .f. ann.llﬂ.n. . - {5.1)

%

The generators 1, are linearly independent .and Hermitisn

T = T I

Frem this it follows that the antisymmetric: m._u..andﬁnm con-
szants, i.e. the triple gluon coupiings,

Cave = Q== Coen =~ Cene - 53
are real. The algebra itself is formed by all linear com~
binations TTa W, limplicit suz-over. o ') where .n..nm.r..\.r
are arbitrary real parameters. i :

In the following -we shall :go through sonme of the more
basic concepts of Lie algebras. This analysis may be found
in the standard textbooks on “the mFr‘u.,mn.nﬁ ‘but we extract
it here “in ou.wmﬂ 46 isplate the -physical- nourmb.nm.. The main
zresult will be that we shall. E.mmum».u:m &os ‘many u,ummvmﬁmm:r.;
and &Hmmww #mnwm&wn. nonuu.u:n noum Pdnm ﬂwmn the gmon% pos-
sesses, It is clear that ‘tne Huwunuoum A1, HS Eum 2) &.1
pose restricticns on the genex zal ‘couplings but .»ﬁ pm not .
Samnumﬂmww ‘clear how many. ﬂnmun meu.pu. bnm. ,
- hn-element of the algebra T, Wi s ﬂw»pmm
&belian if 4v noggnmm;r th nS. Uﬂ,..,.mu nwmﬁmnnm. M.w. ,

for all
algebra

U “Tnenceq.

span the center. A Lie algebra without a {(nen-trivial)
center is called semi~simple. A .Lie algebra which is egual
to its center is callecé Abelian. We discussed briefly Abel-

ian algebras in the previous section (eg. (4.30)).
.If a generator “ia . i6.Abelian:we get, because of

the. ijinear .independence of the - "Y - .in-eg. {1}, that

C ape = O sifor.all b and € .. 3E I TTg  a@né T

‘are.non-hbelian.generators.then LW, T =l CugnTa

. and the ‘antisymmetry of. Cape = Lgza - now shows that

. :an-Abelian generator .can never-arise as the resuit of com-
Cmuting two mmvunﬂwnv. ‘generators. - Thus the center is com-
~:pletely - independent “of “the rest of the algebra. We may grouy

the generators into ‘two sets, one consisting-of all the Abel-
ian generators,and one \noumnmnusm of all the non-Abelian
generators. The former Spant the center while the latter
spans a seni-simple Lie algebra in its own right. ¥e are
therefore in the follo ving free to assume that cur Lie alge-

bra is semi-simple. We can. w....dmwm get back ‘to the general

case by.adding a center.
:he Jacoby identities for the generators say that

i n h..m..ﬁ I»..U!v .d.ﬂl.w + m A..t]ﬂ?v 3 P.M r.rr.w . nuiﬂﬂlﬂbl:c.u =2

L0 4B.5)

;Expressed . in’teras ~of:;the :structure Constants we W.ES

) .h.,r;utﬁo Am,.mv

A5.7)

k¢ Sﬁwxmm

15.8)
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If some of the triplets overlap we get higher multiplets
of identical eigenvalues. In this way the index set A
‘of the generators is divided into the union of mutnally
disjoint sets Agc , G =1,p,--, 5 , -each corresponding
to a multiplet of identical eigenvalues such that different
sets correspond to different eigenvalues. ,
If “T.  'ané T - belong to different sets then
N, *+2. and@  Cawe =0 . Hence LTTa,Tol~ 0,
Furthermore, if “1a and . V3 . belong to the same set,
Ag , and if T Ta,To) =1 T - with non-vanishing
Cewe » thenm V. “belengs to that same 'set. Thus
the mmnmﬂmeﬂm T for ae€Ag form by themselves
a ciosed Lie algebra, and commute with all the generators
not in this set, 'The subset of cenerators has further-
more the property that all irvariant matrices belonging
to this stbset are proporticnal to the g»n ‘matrix because
all the eigenvalues are idertical. “Such an algebra is
‘called simple.

Recapitulating we have "proved that every semisimple Lie
algebra is the direct 'sum-cf simplie Lie mwmmv«.mm. In
general ar arbivrarv Lie algebra®} is the direct sum of an

Lbelian center anid & number of simple components.
We now cuote without proci @ very remarkable and -sTrik-
ing result: The simple Lie algebras ¢an ke noBUHmank

classified an 13 exhausiively ,.muﬁﬁnimwmm. {Cartan). .ebm Cartan

analysis is not very diffieult v:ﬂ a munoom would lead us

.noo nwi mrw<nshu fm.nmn Mo: no wwm smnvm:.w.nwnuw punmnmn
}
ture. i

vmﬂnwnnww speaking this result hag only been proven for

compzct Lie algebras where the regular generators .can
be chosen’ m.wﬂarnpna. The thecrem u.m soa»mﬁmm npumgwk
for so..unodﬁnnf.mpmmv‘am.ﬁ :

[hd

. ...m.%.

The simple Lie algebras belong - apart frox isomor=
phisms -~ to four infinite set and a finite exceptional
set. They are

An m=1,2,---"

These zlgebras are generated by the special unitary groups
S Uin+1Y of main importance for physics.

m‘.) .5‘0:»“\

These algebras are generated by the odd orthogonal groups
O(zn+\) . The familiar rotation group O\3) is iso-
morphic {in its algebra) to SVU(2)Y -

nJ n=- w..ﬁ.(,—u -

These algebras are .mmnmuwﬂmm by the even symplectic groups,

Sel2n). They are best characterized for physics as
these linear transformations on the p's and Gala that
leave the Poisson brackets invariant in classical cancnical
mechanics. . ,m.uu (2.) :is .{algebraically) .hmoﬂonwzwn. to
~SULZa.and - SeiM) to QLS ),

DOn  M=u,5,---

i .-They.are generated by.the.even- orthogonal group n.U @&ns

02 ) .is Abelian and dsomorphic to . LW\ o Owe

is iscmorphic to the direct product SUNL:x SULR)  (and
wopot simple) while 0046 3 dis isomorpnic {aigebraically)
0 S5 UMD

. mﬂu ) ..m.-nr ; Wlﬂn 5 4.1 .ﬂlv .

‘f%hese are the exceptional algebras and have not {(yet) re-

ceived ,!cnﬂ attention from physicists,
, T 32
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' ing linear. combinations),

5-9 _ | _ : =10

A
acts in the subspace MW  .and g only acts in AW

We may therefore continue the reduction of TV, inside

each of these subspaces. Eventually “Ya  ‘tdkes the block . Lo , , , :
form , : : " for all generators of an irreducible representation, and
, . , let {a -be -an eigenvector of Z . with eigenvalue A

. L2, Tal= 0 {5.20)

C ALY ,.Hmnmwmm,u have 'at least one eigenvector. “Applying Vg
;repeatedly to both. sides of ‘this equation, using (20}, we

Il..—| = .‘ ..”,x.m.u.mu . -see- that the sequence W\ Tau,---- © and all its
& : Dew e T linear combinations also satisfy (21). .Hence because of the
B idrreducibility, wwv Swnﬂo!w. ~AN in the space satisfy (21).
B S . ‘Hence TR ya = by m49 C el
o The, smallest.Lie algebra is - A5 corresponding to
MCfP; .+, 'It.has three agmuaﬂonm. ,H.# uHr Ty
awith ﬂum noﬁaﬁuwnpou Hmwunuou:.
where ‘each matrix Vo ‘,.._.IL ISRl TR S obeys the same B _ ﬂ..ﬂ.r. : = < H
commutation relations as JI ‘“The matrices’ J..h are . , o  .. T Al .H..r.u, ,v,lw.,. ..M.. L
mumvommm to be irreducible-‘which means ‘that ,ﬂw_m .nannmmvosmu..ua , R ) : {5.22}
mnummmnm MF nmb50ﬂ be Hnmcnmm mzﬂﬂu@.ﬂ. C( is an | alv,.. ,....r :

2rbit trary dmnnon Ms , M....
must mmwn B ,.w_ v noawu.oguw.
nuogmﬂ E‘ Ham.mnﬂmm nm.vw.._.nmﬂwo

ﬁ:ﬂ ...:o mmmamunm f c. ;=

£ the mamﬂnnn.ﬂm {and forme ﬁam nmmcwwu nmmnnmmanbnhou wm m@ dne = ir‘.m“.rp . . where

The nnwswww Hﬂﬁnomgnaﬂnou Au!n_a.. . o . um the, u.?ilnws.nm muﬂvo..—. u.wn lowest dimensional
cannot oonﬁ in 3.3 Uonuum ‘that ‘would ‘mean ﬁ,ﬁw an nvuma T e tion 15 X wlie. o o e the %2

of Quarks was noswwmﬂaww Euno.ﬁpam ‘and &ﬁouu.m ‘have been- pmmn ,
. out of ‘the. gnouu. m«.oy nw,m VO u. upsm. .

__J 53 muﬁ:» uwﬁnwneu moﬂa gonmmwmn»#& nn wnumm_cnu&vm
representation of the uwam&m uwmmvu.w }

-
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- V= ~ a,
Prr= oz 2 VEDED DS
. qur“”.”‘“..nn. A

= & v V. :
= 3 ..ﬂ\V. f .lﬁ....”,r (. Up.ar a5 K

Ak Sy v, &Am.mv
~ v o Mava
where a -and e are of the form {3.25)
with = hl= o© . Since one gaugeon decouples when
the other is transverse we can nmmu.wnm , ...ﬂsv..:.._..r by
— o™V o get :
”Ml l.—\_ 5?.. r‘.|1 Sn\..rs—. ! Moy ¥y
qu...ruu.ﬁqwl — v Wk, Y
5.«0— D‘J.vﬂaur
- MIH(.T up.ﬂ.f ”WD_n,.r x
e ¥V . .
e T (6.7)

By making repeated use of .eq. (2) .and the analogous .egua—
tion obtained by exchanging 1 and 2 we get . ,

,.mvlﬂaﬂ = ﬂﬂﬂ b

k222 x)
{6.8)

- K90,
Re ﬂn?rppu ,vdWw Caat,

The last term in (7) gives no now,ﬁw.mvawwou, while the two
micdle terms: give contribu wions. rw.uﬂ mnm noﬁm.wmx conjugates
of each other. . Using the entisymznmetry of "Capec . and
the fact that (R+% )3 Yi=-wp =0 . for
on~-shell guarks, the last .nmna vn Eg w.mnon.mm a mmummnﬂ
square and we car write - .

A Ny Dv /P ,
.Dfnv 2 .V\..L e Am.wv

By comparison S»nw (4) we see-that nw:w E,.vs%m»nuw mz..ovs&ps

lities do in fakt not nwunnw. but. we wia.n
9

PLi Pue— %3 Ct Pss

- ! Q = ,
= 1 Caiaia, K> 3 vu/ (6.10)

This i5 a disastrous .result., Even if we cannot find
any way .o observing the ::vswmunwp ‘gluons directly, we
can observe. them indirectly because the sum of all pro-
batilities must be egual to A . ‘When guarks and
antiguarks annihilate, the above result predicts that in
a2 certain fraction of ‘the annihilation processes nothing

- observekle ‘comes out.

. ..z.,m way out-of this. muwm......_.m ‘was originally Iound by
]

- Feynman mam.mucmn a mcre theoretical justificaticn by

v 4

Fcr eacn gluon & new unphysical particle
is included in the theory with propagator

Fadeev znd Popov.

a - 'y
srevees = L ¢ (6.11)
Tx — ay
%+
andé coupling
Mw
Ty M
| = C 3
L kEe oGady Ky (6.12)
Sz Tt

This pacticle can never Um present wﬂ.ﬂumwpw ant cannot
be observed in the. final state. Since guarks can annihi-
late into & pair of these mﬁﬂnwnpmm via the diagram

PRt
2 (6.13)
‘we must include the pair Hmﬁ.oacn&wo.: probability
.,...v wnn,» ey f;; -v / (6.14)

40
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7. Glron~gluon scattering

Continuing our investigation of ‘the theory we now
turn to gluon~gluon scattering which in the lowest-order
of approximation-is’ given by the. bwmmunam,aws.ﬂum “theory

go far constructed)

R {280

Taking one of the f£inal gluons no,&m‘w\mwcumos and num.
othars to ﬁu transverse (physical) we get. after dropping
+erms that vanish on-shell in -analogy with {(4.21)

(7.2)

Most ©f this nuunmww.wmnwcmo.wum.awﬁon nocwwnimm belonyg
to the regular representation satisfying (5.8), but a
~guick .calculation .shows -that not all of it ewaumsmm due

to nvm momentum momwsmmsnm of. nv» vwm»n vertex. evm struc-.

ture. is, however, 5o mngﬁwm nwnn ﬂﬁm uoua<unwmv»um e~

.ﬂﬁ»bmmn tuw\&m @pua»bmnmm Uw uﬁnsm Om A a:#&uuwww awcos
vertex

" ONeS. .

A little algebra now shows that adding this diagram to (1)
the gaugeon decouples .

O .

_ .uawwm ‘Ward pnmbﬂwnw,Pm;&bwwmumOH_ﬁwp;aoamanw..mdmu off-shell

.Ha nmpnawwﬁwua ﬁsm vxwupnmw nuomm umnﬂpou for the

,.vuonmmm the MmMannaMwmmm<|momo< -(FFP) mromﬁm will also
Cparti cipate {in’ nsm.nocmﬂ»unn nmwncwwwwosv. Hn this case

nﬁmum is, uotmde. more than one mwmahmﬂ

{7.5)

When the sguare om this is subtracted mﬂca the m&ovwduupnw

..mOH wnomﬂnnpoa of yﬂ&wnnm1%. physical .and 50J|wu<mp al gluons,
. ‘the 5os;m&umwnww noﬂnﬂwuLﬂ»ov va cancel .and osw« nsm ‘trans-

.<nnm» part Hmabwnm. mumnoww as uu the mﬂm<uo=a hnnnwos.
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which =~ although badly divergent - must vanish for symmetry )
reasons. - The left hand vertex in the first diagram is
according to {4.16)

3

t h.s.-r = Cq 8.8, % X5 ﬂbunrb.f .h/n. ‘ ﬂn..aﬂnu,ﬂk -
o i : (8.9) .

where we have made use of momentum conservation. The last
term vanishes for symmetry reasons (8 dafgr =0

when inserted into the loop and ,

15,6 first term corresponds to moving the wiggle on leg 3 to
leyg 1. Hence the remainder is finally .

Ratian VIS eadt SN (8.10)

where we have alse added the .ghost contribution. 'Since
-3 3

- .L..w:-_- - Aw

e e = Caaa Ra, man

follows from {4.16) and (6.13) the two diagrams cancel.
.50 the gaugeons. uwmo nmnocm.wm in wacuum m.owuuwuon»ou
and this is entirely. ncm to .nam »nnpcmuou ow .S.:w m.m.w mﬁOmwm.S
Closed loops are :ntmdm? not 8o mpnﬁpm um this _
discussion has led you.to believe. “They are badly . npiwnu
~gent and this :section only makes: mmbmm. 1if the mudmnmmunmm
are brought under control by means of a nmmcwwﬂ»uuﬂwos vn.0|,
cedure. This Nm.Osmmnno ﬁvon»m mcunwngoum be, nsn.s ‘that -the
naive corbinatokics that we wﬁdm wmumonﬂmm »m uow nvuﬁmmn., ,
The dimensional regularization.procedure »:«nznna uu ..n Hooft .
and <m~.ﬂ=mu~3 »m usnn 'such a- nnsnsm. ,
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subcraphs. This theorem was-originally proven by Weinberg.
Conversely, if just one subgraph or the graph itself has

‘0 2 © then the graph diverges. If all -subgraphs have

.O {o but the graph itself ‘has O>= o then it is

called primitively divergent. The primitively divergent
graphs are important because they form-the basis from which
all divergences may be constructed,

) In the figure below 21l the diagrams that have C2o
are mxmnmwwmwwm. Except for +the vacuum graphs, they are all
‘primitively divergent

D O Co

vacuum diagrams (D=4)

quark self- . (D=1)
-energy

AN

— e quark vertex = {D=0)

. .kﬂ\W)”;ux .

i
s
Gy v

) ghost self- {(D=2)

. energy ,
. ghost vertex - {D=l)
" _ jwromﬂjmycoaauu;,ygvnov

Selhoscatterdng o
M w o . n;;:mwountmwOWﬂ < AD=0).

. Ln SRR G , - Ecattering _

., . .gluon self- . {D=2)

Lo seneTgy

g -4
gluon vertex {D=1)
: w m , ‘gluon-gluon (D=0}
P bt scattering

Ghost-gluon and ghost-ghost scattering appear fermally in
this 1list but are actuaily convergent due to the asymmetric
nature of the ghost vertex, One of the vertices {where the
arrow sticks out) does not involve the loop momentum and

.should noct be counted. Similarly the ghost sell-enersy an

ghost vertex €iverge :one power less than indicated.

Frco the above list we conclude that i* is necessary
+o renormalize the quark mass and wave function, the quark-
gluon coupling, the ghost wave fyunction ané coupling, and
the gluon wave function .and couplings. ¥e expest that the

' ghost and gluon mass remain zero because of gauge invariance.

The wvaricus non-vanishing renormalizatisn constanis are
also related to each other by gauge invariance via the Ward
jdentities, or as.they are called vu_soauwvmwpm cauge
theories, the mwm<ﬂo<|awwwoﬂ ummnﬁvn»mm.p

£-34
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now become manifestly renormalizable and the S-matrix is
the same as before in the physical subspace.
It is often convenient to use'the propagator

=

' - . @ !,\.‘ (n\n{(\g.(

[ r.){.«\\d)(

-

- v
.
VR~ PN
- _ oy s .
= n&!.‘ Gealy r\f.rlﬂxf.,
. . dad iy | (10.7)

which, a5 the last line shows, has acceptable behaviour. It
cerresponds to giving the gaugeon a mass {o. A . Here
G, is a real-(positive) paraheter. ¥For [« -5y the
unitary propagator {(4) 'is .obtained, as well as for: W e
Tor ¥M=© it reduces to the propagator (3.26)., The para-
meter - . is called ‘the gauge parameter and all the gauges
ot a oo are manifestly Hmno.u.smpu.nwvwm.. For .G, —> <0
we arrive at the unitary gauge. Since the S~matrix elements

are independent of ‘OL , the theory is both renormalizable:
and unitary. .

Finally we shall eyplicitly demonstrate that the tran-
sition to the massless limit is continucus. ‘Writing ,

- we see that the first term is-a ...wwunmoa ,.,..ﬂ.wov ..mnnoﬂm.wmm

~while the second wvanishes :for A6, Hence the: amplitude -

for emission of a physical longitudinal ‘photon with:mass
zero is zero, In the limit Wi-» ¢  there are only two
u&km»nm,w “mﬁwﬁmm.f , : ’ : e

. Concluding we can say that ir massless.QED.the intro-
“duetion of non~-physical pariicles was necessitated by the
demand for manifest ‘covariance. ' The mmnocvw.wn.m of the

'y :
‘. T 55

10 - 4

gaugeons was absolutely necessary for this demand to be’
fulfilled. 1In massive QFED manifest covariance was present
#rom the beginning, but the theory was not manifestly re-
normalizable. 7The decoupiling of the gauceons permitted the
theory to be cast in a manifestly renormalizable form with-
out chance to its physical contents.
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-

from the gaugeon mass (when (% 4 ), we can physicaliy
distinguish between gluons and gaugeons by measuring their

mass. vnnON&kbm to (10, uv nﬁm mHOUmUPHan mow ovwmﬂdhﬁm
physlcal mpaonm is i ’ SR 7

, w‘ .H-
@,@|1M /m m .u\.._)_/,, _
Prnawal

- L ,)_:»\ H ,r, B Ve
= TRy g Wt by

e o TR

. .u?f. l.vo:.uﬂx

AP MWy T o o {11.8)

f£ince the physical mwconm and the guarks are on-shell a
change cf the gauge parametsr, O .,.ﬁwww::Od.mmumnn‘ﬂSMm
pronability, because ‘that obaly changes ﬂsw Vo ®~terms.
in the gluon propacatcr.

From (6) we conclude that the probability for produc-

ing a single gaugeon ﬁommnwmn with a muu«m»nmu. mwnon in asnﬂw
annihilaticr, Hm zero

,_ muvP = Wn.u,u = - (11.9)

SHHﬁ.m.m.mmn.,. {6) in the form (6.2) {using eg. {2)) we get

My .I.r. . ~ .
K lr.v\..:..r n.n.nfn nfm Chro=m) —
ak’ <
IS TN i) |
,xmvwmnwsa,ymmﬂ.&e ,eﬂf ‘we cbtain the two-gaugeon amplitude

{11.10)

K € @
f ,X @v;..ra. R ™ nn..v‘rnvf = U\;uw .
o : (12.11)

This ‘E&up»ncmm does not vanish for M¥O and we now expect

trouble, ~For 7)\vnv the right hand side vanishes at . it should,
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In calculating the probability Poc for double
gaugeor emission we must normalize the one-ygaugeon states
that have up to now been left unnormalized. ' Without going
into. the details, it follows from the propagator (1} that
‘the properly normalized mwcamonJch@mov probability is

i ./N\l— -~
— fl \ { Qe \ }Vl).ﬂ,w [
M...Un.unul 2. ﬁ ™ nan.\...ﬂ IW..:},r/ .ql/p.nrn»(ﬂr Ty
N “ {l1.1

The factor % is due to the statistical wmnbnunv. of the
“final ‘gaugeons. . ,
The gaugeons are cbkumunmw but sc are the TFP-ghosts
ard we .should subtract the probability for preoduciion of a
chost. pair {6.14)

Y

(11.4%)

ﬂﬂﬂ = /ﬁﬂnﬂu flvUWV/

ince we have assumed that the wvertices.are uncranged this

vmust be the correct.expression. If-cancellatizy shoulc re

~possible, the FFP ghosts must have .he same mass as the
gaugeons, .i.e. ,

- Son (11,34

W 93(
Othervise we noswm dis«inguish between gaucecns and .ghosts
,&%,Bmmmyuunm‘nwmuu.awmm. The total unphysical probability

niis accerdingly

_ v / u . -
- L= - \
A..Uﬂﬂ.P. AUﬂﬁ 2. f.ﬂ..h(h.?(f .u._. (11.:.%
and this does not vanish!14)
43n result (15) is cathastropic: The unp %mwnmw ﬁqnu
bability is n-. zero. Even 4if we don't know of any way i
Y _
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12. TRenormalization . . . b)

The prover cuark vertex

In this sectich-we ¥eturn to the massless theory de- hoeoréing to the tabie in section 9 we s=z that the
‘fined in sections -3-9. 'We shall study ‘the divergences at " proper ‘guark vertex corrections are logarjithmlcally divergent
the one-loop level .and show that ‘they can be-removed by suit- "7 ' .and ‘hence o the form o
able counter -terms. “Throughout this-section we assume that
a regularization .‘.Huuonmmnﬂm, exists which makes all- Antegrals
£inite without utmnrﬂugm the ‘naive oosg.am.wwonpnmw.émno
pnmdﬁv.nwmm.wwv . ,...

R p,f.iﬂ#ﬂ)* Gimidke - Coa

‘2)_The ucm...w self-eperey - . o = , Again ‘the Lie algebra allows the factor ‘...AJP and the
no«mvum to the table in section 'S ‘the acmﬂx gelf- - . -Llorentz invariance only d\\: . ‘
energy is rwumwnpw &ivergent and wiil become convergent if ’ T : -
wor Gifferentiate twice after the external momentun. - Hence
the divergent part nﬁmﬂ be a ﬂowﬁgwmb of mu.um& oummﬂ in , €) The gluon self-energy

the Boﬁm-,rﬁu. B0 .E,.mﬂ we 'can write It is guadratically m.n.r.qmnmnnn and. of the form

. : EEI , Ty st
R U | T s ] T
T e TS ﬁ._v. &.ﬂ,wvw,.,vﬁhtoel- Sl 1192019 2 A
where A and B are. mu.dmnmm...ﬂ n.oumwms&m: He shall assume . =

- rn ﬂ@l(r (ﬂ. (ﬂ vh flnl ;m,m-..'-.ﬂ..ﬂﬁ

“that ﬂwm anunwm Umwosm no ﬂu wuummrnpvu.m Hmmnmunu«nwnpg and

(i2.3)

.,.a;m reason U.mﬂ .E,:w mmnoum ammnmo .wpcmu.mmnﬂ .ﬂu&.no. .u.mw &mm
_‘this special form “.m Ahe. nmfouﬁpgm of the gaugeon which was
- iGemonstrated in. mmn.npos &, . The-divergent part must itself
o _,nmnocmu.m ang - wmnnw Ab is tvm only- mxumn..u..m form.

RS .:..m hnﬂmnm:n Lo
R _,‘mpdmummun. .

, ,,mwiun»nu% nﬂm wwmmvnm»n face tor
, ocwﬁmsﬂ: wm uﬁ#unum:n.

Lo »m ub mbnn onuw. »omunu.n?.vnwwwk
-The - mnmouwﬁuoa &wnﬁmnu the pﬂug AN u.um»m»nm .”,%wn.n dn - ‘

ed. .ﬁv is arbitrary.  We.may,. mOn .example, shift the finite
- .parts of A and .. arouné :zo .ohtain, that-the. finite Te-.
. .amgmmn »a (1) ane’ u.g umnhaﬁ zive shes . _
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{12.13)

Here we have used the mxwwunwn form of ﬂsm divergences estab-
whmwmm mvocm uﬂm ‘we ‘have Hmmn D:n nvm mass renormalization
Lerm.. SItowill u»ﬂmww nonuw:n nv ‘mass Om nwo acwuw ﬁuovul
gator in. nvm wosmmn onmmn mwuanmam bwmo tn wwdm &no%vmm

i2 -6

pecause ‘then the lowest order diagrams are nm@nomcmmm in
{13).  This is the first Slavnov-Taylor identity. ‘Notice,

‘that the corrections to the external lines do not change

this result. .
In an -exactly m»a»wnn.zuw we obtain from ghost-gluon
mnﬂﬂnmnubm that

2T % = L p+sC 0 2225

v

q.stmHHw by considering the ‘divergent part of gluon-gluon

scattering we -obtain

20+QC =% (12.16)

. Egs. {14; = (16) are all the one-loop Siavnov-Taylor identi-

ties. , : .
Instead of' trying tc interpret the divergenzes physi-
cally as corrections to various parameters it is more con-

" venient to nowpos.Odﬂ.mumnnwnm of defining new vertices to

repair the theory. .Let us introduce the basic vertices

- S
el

g = L AArp Y4, S u2an

e AL YL = L ke
B R g ‘ (12:18)

- {12.19)
(12.20)

(12.21)
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(v ey m~ ()~
= A (. Q.o :
2, T s e tehe
W - ™
where we have put ,
Zy=\xC
The vertices are very simple. We have

R S

AN \W
w,

#

{v

i

-
VA e

vhere we have put

Z.= V-1
7z = A=
)

T =1-D

\ﬂ
.

dxf

vy

\w/
e

(12.31)

(12.32)

(12.33)

{12.34)

{12.35)

(12.36)

(12.37)

(12.38)

(12.389)

{12.40)

(12.41)

12 - 10

From this analvsis we see that the amplitude {23} with
counterterms included can be calculated from the amplitude
.UO withont counterterms, but using the propagators (26),
(29) and (31) and the vertices (34) = (37). This may be
formulated a little simpler in the following way. The com-
pensated amplitude is a function ?n (p,a,m, 5, 5,558 )
of the various momenta, collectively denoted P o the gauge
parameter (& , the mass parameter w4 , and the various

coupling constants. Because we consider oniy @ simple Lie

- algabra there is just one free factor in "1  which we

cail 9 . The triple gluon coupling Ca.c is also pro-
portional to .The guadruple gluon coupling is 4§ -
& - P P)

apart from rumerical facpors and the ghost-gluen coupling
pmu

-~

is G- apart from numerical factors.
With this notation we can write Gown the reiationship
between the compensated and uncompensated ampiitueies in the

recise form
P

, 1n n.muuo,uesu @J@J&fu@ b)

& — .G s

.0 G5 G797

. .

il

7N
.
™

ﬂ-.ﬂ ﬂﬁunpvutﬁlu wbu_w’u n,wu;.”. uﬂ.v.u...v

i@

The guantity g on the Humvn hand side is calculsted
without ccmpersating -terans usi

& Guark propagator /-l

a gluon Propagator. .« T mo............\ u\rr -l .....:.A\r .

1 RN

where w, and @, are given by (28) and (33), ané the

coupling constants : -

72
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13. Tre Callan-S-manzil ecuations

The unrernormalized amplitudes MJ.U Cp, Ba, e, 80, N
actually depend on some parameters, /\ , associated with the
regularization procedure, which cuts off the divergences.

It may, for example, be & large mass characterizing the cut-
off in momentum or it may be \3 -y + where YN is the
dimension of space-time. For /N~ oo the divergences
reappear in the theory. The rencrmalization constants 2.7
also depend on /\ but the renormalized mu_vwwﬂsmmm {12.48)
are finite in the limit of /\~» o> . That this happens
reguires a great conspiracy between the renormalization con-
stants and the unrerormalized amplitudes, and we may ask the
Juestion om.ismnsmﬂ all vestiges of this conspiracy have
been los: in the renormalized amplitudes. The answer is no,
it has not. The asymptotic behaviour for p-> = of the
renormalized amplitudes is restricted in a way which is deep-
1y connected with the renormzlizaxility of the theory.

Instead of studying the asymptotic behaviour for pP-»ee
we shall leok at the behavicur of TV, for wm > O,

This must be very close to being the same thing. If 4..0
n.ﬁdmﬂ,mmm for WMo—ro , we say ‘that a mass singularity
ocgurs at Wme—=9o . The thecry of mass singularities

is well r..;m‘.mﬂoc va The result is, essentially that one
can use naive pOET e unting for mass singularities (looking
for the sicultanecus éivergence of propagators for small

loop momental. 5o, Hunoc...pmmm the external momenta are in the
Euciide arn region, where they themselves and &1}l partial sums |
of momenta are grate-like, thien Wass singularities do not

cccur. We can even say wore. .If we expand the bare electron

Propagatcr in powers O . wa, - We get
.Ilaw.‘l.!il — .fl A "
. I r..llt.““ - At 3 ! . Vo
g ¥ e~ = - .w..,..lu....l.. (13.1)
ST o .glts o)
\ ‘75
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In the Euclidian region we would naively expzsz that only

the last term could give riss to & mass singaliarity m,rmua.“
. L
in the limit of > o , We would therefore (errone-

ously) be lead to believe that V-~ can be expanded to
O\ wao~ ) without the appearance of ,rau b ¥ . This

is, nowever, Wrong. When the gluon propagatal correction

7

e W e is expanded 10 onamu Wy -, it will for

éimensiorna. reascns behave like ec_v \r.r , wnich gives

rise to an infrared divergence in the integration over the

- gluon momentum. Hence we have only

Ay

E

-
/Oﬁmv..pﬂus..buw.v.\/.wﬂﬂ >0fmwu0'0 w.b

s
=+ v, Y3, (@,%e,8.,A)
LS
=+ G ﬁt!o Tow a9
where Ao  and Yi. &c not depend on VM. .

The rerormalizaticr constants are zll only leogarithmi-
cally €ivergent. Since they are Zimensioniess anéd only ée
pené on the parameter WA {because all subzra
are scaled by wa ) they can only contain Llegwm . any
term of Civ) would be of ©(Y/,) ané hence vanish-
ing for A -» O& . This means. that we have
PR CH 5;_.):.,.‘ >ﬂ...o L v'\.\.\@, :

= m «u F.6,m
G

. .._... et r,us: - {13.3)

.where A arnd YL . only cepend on fﬂ.w.\x and aore related
to Ay -and Y3 by

~78
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=y, ‘ (13.17)

By varying G .AH anéd (& it follows from {8) and (9)
that 3, d.r;u.r L s cand nﬁ are . all finite because
they can be expressed as. &m..zmﬂwﬁwm om Ay cand ,@ after
the renormalized parameters.
Defining ,
Lo = Qe w.. o asae

we find from. (10)

.\vﬂ_l_K \w(a.uu.nnluu.v o (13.19)

It is Mvﬁcuﬁudm.wu‘ fairly-clear that if the theory
should make physical ‘sense, Sw and %« must be independent
of the gauge parameter, £\ . Heace from (14) and (19) we
get that % and & are indeperdent of the gauge parameter
and since they are £finite and dimensionless, they n.ms only
depend on .@ﬁ.h. the nouwwhnm constant.  The other coeffi-
cients, T, T , and ¥y are all gauge dependent.
m..ou.woi.sm the mnnuumnm arguments. we. mmnu.mm the ammmn..

) ,nudn ﬂosmvvuam ﬁvr.u A w..d

ww

=. @ Q.Cv J | = ,. ,ﬁ.,u,,.w..nﬁ

, .m ro.,. P S .,. @.

cm»s& that >n9 %.. .V».ﬂ ..v. }wﬁ.}\v .w\‘ S
we may cast ‘the ﬂwppﬁuuh“s..na«u.w eguations (8) :and (9) wﬂno
differential equations after 2 . and the solutions take
‘the. won.. Roa .6:,.. ‘,.;4.

D,".

wﬁqm n.s

e ..._.,. P _,,..mcﬂ ,r...x__ii &

S e e trdplets.  In S UA )

13- 6

ﬁ :ﬁ? )
| | N o _ an X Gy
Alrng, mia = AALR - BN (13.22)
. ﬂ ‘2, V.. Hhﬂu.....@mx»
. .&ﬂ.\/ﬁu. .w ul qu K.Uf«\w - Wﬁw o~ ~o LAl TV

. where D is the superficial degree of divergence (9.7},
..mo. apart from the overall scaling factors AC  ang 2P
ﬁwm e}Onm mmmmammunm on w‘/ ‘ lies in the effective coupling
noumﬂmsﬂ. Wt.u 2!, .¥e.have used the Landau gauge ©= 0 i
oréer to azvoid problems with the gauge dependence.

The % -function can ..&m, caleoulated in perturbation
theory ,

Co 3= G - \ ai e
=249 TG (13.24)

The leading coefficient is for a simple Lie mw..“.umwuﬁmwcg

. | - ,
o “F...n_r_.». 2o 30 (13.25)

where CT and € are the coefficients defined 'in eqgs.
{5.15) gm,aps._:fmo the $igrnof " #34 ° depends on the

, psmmx of the Hmmﬁmmmnﬁmnpg ﬂ..ﬂ\ T . m.on Loiv) we

.Eum <mpum Oﬁ P4 mmvm.&m ‘on which repre-
munmduouw .nsm an L5 Um..coum no. 1f 'we have W= fundamental
o \c\tnpamu.@pouww u.zpwn»muumnm tin  Suts) triplets of asmnrmg

BRI -7 S Y mmuo“?n ummwmmmsnmnpoum of dimension A/X

.,aonﬁmnm in S OTIY 0 Yithen €T = wmaed 4 a4
B qﬁmm “shows” that ‘for. mcmzn»msﬁ% u&.nu. quarks .3
Eﬂww wptwwm wmqoam mﬁmwﬁwaﬁ.. .WCSL ©.£3, .45 negative

p.m. we nmu rmém 10 acmnxm ‘Goublets ant
o nn»vpmﬁn. mougm.nu and one’ nnruwmd or two doublets and

, 3, 15 negative for

SR u,a
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